Nonlinear behaviors of tail dependence and cross-correlation of financial time series are reproduced and investigated by stochastic voter dynamic system. The voter process is a continuous-time Markov process and is one of the interacting dynamic systems. The tail dependence of return time series for pairs of Chinese stock markets and the proposed financial models is studied by copula analysis, in an attempt to detect and illustrate the existence of relevant correlation relationships. Further, the multifractality of cross-correlations for return series is studied by multifractal detrended cross-correlation analysis, which indicates the analogous cross-correlations and some fractal characters for both actual data and simulative data and provides an intuitive evidence for market inefficiency.
Introduction
Nonlinear analysis of return time series is an active topic to understand and model distributions of financial price fluctuations, which has long been a focus of economic research. Fluctuations of two related financial markets usually exhibit the correlated (or "indirect" correlated) phenomena, and the approach of analyzing the correlations is definitely significant to realize the inner relations between the financial markets.
There have been considerable results about non-Gaussian characteristics in the fields of economics and finance [1, 2] . The empirical research shows that there exist fat-tail distributions for financial time series instead of understanding the possibility of large event by employing the Gaussian distribution. The features of peak and fat-tail behaviors of returns are useful to achieve accurate and rational descriptions about stock's volatilities in financial markets, and the corresponding phenomenon is often called fat-tailed Lévy-distribution [1] [2] [3] . In the present work, the approach of studying nonlinear dependence of tails for two return time series has been performed by the copula analysis. With the interpretation of Kendall's , Spearman order correlation coefficient , and tail dependence coefficients and , we investigate the dependence behaviors of two return series with the copula functions. Copula analysis was introduced for understanding the relationships between multidimensional probability function and its lower dimension margins; see Sklar [4] and Nelsen [5] . Then copula analysis is now widely used in statistics, since copula is the function that connects joint distribution function and marginal distribution functions.
Much progress has been made in the exploration of fractal properties for financial time series. Hurst [6] proposed R/S method to analyze the long memory properties in the hydrological field, deriving the long memory of the time series from tide data. Peng et al. [7] introduced the detrended fluctuation analysis (DFA) to study the characters of DNA sequences, which is effective in the interpretation on the quality of monofractal scaling. In order to indicate the multifractality properties in time sequences, a method called the multifractal detrended fluctuation analysis (MF-DFA) was put forward by Castro E Silva and Moreira [8] and then further developed by Weber and Talkner [9] and Kantelhardt et al. [10] . The MF-DFA method was used in capturing the nature of equity price in financial market and relevant research field [1, 10, 11] . Furthermore, the detrended cross-correlation analysis (DCCA) was developed by Podobnik and Stanley [12] to investigate the power-law cross-correlation between two simultaneously recorded time series in the presence of nonstationary behavior, where the cross-correlation between two time series describes the normalized cross covariance function. Zhou [13] proposed a new method which is called multifractal detrended cross-correlation analysis (MF-X-DFA) with the combination of MF-DFA and DCCA methods, illustrating the validity in financial time series. Jiang and Zhou [14] put forward MF-X-DMA method which is based on MF-DMA [15] and DMA [16] , comparing the performances among the forward, centered, and backward MF-X-DMA algorithm. Another extension of multifractal analysis method like MF-XHA [17] is proposed by Kristoufek. In this work, we will make an empirical research at testifying and quantifying cross-correlations between the financial time series by multifractal detrended analysis.
Recently, there has been a considerable interest in the application of statistical physics systems (or interacting particle systems) to financial market dynamics [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , since financial modeling is vital in financial time series analysis. The modeling of dynamics of forwards prices is becoming a key problem in financial decision making, such as risk management, physical assets valuation, and derivatives pricing. Any modeling, an abstract representation of reality, aiming at understanding price fluctuations, needs to define a mechanism for the formation of the price, in an attempt to reproduce and explain performance and nature of financial assets. In the present paper, a financial agent-based price model is established by stochastic voter process [21, 22, 25, 29, 30] , and main stylized facts of financial time series of stochastic voter model such as the distribution of returns (power-law distribution for absolute returns), volatility clustering, long memory (long-range correlation in the volatility), and related DFA analysis have been studied [21, 22, 31] . Supported by these outcomes above, we make a further attempt to reveal the empirical laws in correlations of returns based on the voter model as well. The tail dependence and cross-correlation of two return series of the proposed model are studied by copula analysis and MF-DCCA analysis, respectively. Further, the price data of Shanghai Stock Exchange (SSE) Composite Index and Shenzhen Stock Exchange (SZSE) Component Index are selected for the empirical research in order to study the fluctuation correlations of actual market and proposed model by comparison.
Financial Time Series Model

Stochastic Voter Dynamic
System. Stochastic voter process is a continuous-time Markov process [32] and is one of interacting particle systems (or statistical physics systems) [29, 30, 33, 34] . Individuals placed at the points of Z might have one of two possible opinions on a political issue (in favor or against); at independent exponential times, an individual reassesses his view by choosing a neighbor at random with certain probabilities and then adopting his position. To write this as a set-valued process, we let be the set of voters in favor. Then the dynamics of the voter model can be formulated as follows. Let denote the state at time with the initial state set 0 = , and let {0} ( ) be the state of ∈ Z at time for 
where the functions on {0, 1} Z depend on finitely many coordinates, and
is the transition rate function for the process which is given as follows. For any ∈ {0, 1} Z , the state of ∈ Z flips according to the transition rates
where is the indicative function, ( , ) ⩾ 0 for , ∈ Z , and ∑ ∈Z ( , ) = 1 for all ∈ Z . Here, we suppose that the transition probability ( , ) is translation invariant and symmetric, such that the Markov chain with those transition probabilities is irreducible. is an intensity which is called the "carcinogenic advantage" in the voter model. The model is called the voter model for = 1, and the model is called the biased voter model for > 1. For the biased voter model, there exists a "critical value" for the process which is defined as [29, 30] = inf { : (
where | {0} | is the cardinality of {0} . Assume > ; then there is a convex set so that, on Ω ∞ = { {0} ̸ = 0, ∀ }, we have for any > 0 and for all sufficiently large
If < , for some positive ( ), we have
The above results imply that, on -dimensional lattice, the process becomes vacant exponentially for < ; the process survives with the positive probability for > .
Financial Agent-Based Price Process.
In this section, a financial agent-based price model is developed by the voter interacting system. We suppose that the information about the financial market leads to the volatilities of stock prices. There are three kinds of information including buying information, selling information, and neutral information which classify the investors into their corresponding groups. Suppose each trader can trade the stock several times at each day ∈ {1, 2, . . . , }, but at most unit number of the stock at each time. Let be the time length of trading day; we denote the stock price at time in the th trading day by ( ), where ∈ [0, ]. Assume that the stock is made up of + 1 ( is sufficiently large) investors, who are located in a line {− /2, . . . , −1, 0, 1, . . . , /2} ⊂ Z (similarly fordimensional lattice Z ) [30] . At the beginning of trading in each day, suppose that only the investor at the origin site "0" receives some information. We define a random variable with the values 1, −1, and 0 to represent this investor holds buying opinion, selling opinion, or neutral opinion with probabilities 1 , −1 , or 1 − 1 − −1 [21, 22, 25] , respectively. Then, this investor sends bullish, bearish, or neutral signal to his nearest neighbors. According to -dimensional voter process system, investors can affect each other or the information can be transmitted, which is supposed to be the main factor of price fluctuations for the market; see the following in detail. (a) When = 1, if {0} ( ) = 1, we say that the investor at holds buying opinion at time , and this investor recovers to neutral position at a rate equal to the number of the vacant neighbors; if {0} ( ) = 0, we think the investor at holds neutral opinion at , and this investor is changed to hold buying opinion by his nearest neighbors at rate
, we say that the investor at holds selling opinion at time ; also this investor recovers to neutral opinion at a rate equal to the number of the vacant neighbors; if {0} ( ) = 0, the investor is changed to hold selling opinion by his nearest neighbors at rate ∑ V:| −V|=1 {0} (V). (c) When the initial random variable = 0, the process {0} ( ) is ignored; this means that the behaviors of investors do not affect the fluctuations of stock prices. For a fixed trading day ∈ {1, . . . , } and ∈ [0, ], let
where
{0} ( ) and may depend on the trading days . Then, we define the formula of a discrete time stock price as follows [35] :
where 0 is the stock price at time 0. According to the theory of the voter process, if > , the information will be spread widely, so this will affect the investors positions and at last will affect the fluctuation of the stock price. On the contrary, if < , the influence on the stock price by the investors is limited. Further, we give the formula of the stock logarithmic return from time − 1 to as follows:
From the above proposed financial model and the computer simulation, Figure 1 presents the fluctuations of price time series and the corresponding returns, respectively, when intensity = 3.
Dependence Behavior of Returns by Copula Analysis
Brief Description of Copula Function.
Copula theory was put forward by Sklar [4] ; copulas provide a convenient way to express joint distributions of two or more random variables. The research results show that any -dimensional joint distribution function may be decomposed into marginal distributions, and the copula completely describes the dependence between the variables. Thus, the copula is a special multivariate distribution function which fully captures the dependence of the data used in many studies. The research of the present work is mainly concerned about the relationship between two variables. For any two-dimensional copula function (⋅, ⋅), it should be satisfied with the following properties:
In order to explore the dependence between two financial series, we introduce bivariate t-copula in the following. The distribution function and density function of t-copula can be written as follows [36, 37] :
where ∈ (−1, 1) denotes the linear correlation coefficient and
Tail Dependence and Concordance of Returns by t-Copula.
Tail dependence coefficient was introduced to reveal the effect on the other variable when one variable was given an extremely (comparatively) large or small value [38] . The survival function of copula ( , V) can be written aŝ( , V), whose definition iŝ( , V) = + V − 1 + (1 − , 1 − V). By variable substitution, we can easily obtain̂ ( 
Here, ( * ) is called "quantile-dependent measure of dependence. " We mainly consider the limit value of ( * ) when * → 1. Provided lim * → 1 ( * ) exists, it can describe the properties of tail dependence. Further, for continuous random vector ( , ), let ( ) and ( ) represent its marginal distributions, respectively; we define
where is the upper dependence coefficient between and and is the lower dependence coefficient between and . If (or ) exists and has positive value (0 < , ≤ 1), we say random variables , are upper (or lower) asymptotically dependent or correlated. When (or ) is equal to zero, we say , are upper (or lower) asymptotically independent. For an intuitive aspect, the upper tail dependence coefficient stands for the probability of two financial markets' turning up an extremely large price simultaneously, and the lower tail dependence coefficient represents the probability of two financial markets' turning up an extremely small price simultaneously. It is clear that, for analysis in financial markets and financial assets, tail dependence coefficient of copula will be quite convenient and effective. For example, we can understand whether a slump in one stock price results in a slump in another stock price by studying the behavior of the tail dependence coefficient which is greatly helpful for the explanation on volatility spillover in financial markets.
In addition to tail dependence coefficient, there are several kinds of measures of correlations with respect to t-copula function, for example, Kendall order correlation coefficient [40] and Spearman order correlation coefficient [41] . Assume ( 1 , 1 ), ( 2 , 2 ) are the observed values of random vector ( , ), and we say ( 1 , 1 ) and ( 2 , 2 ) are concordant if
denote the probability of their concord and [( 1 − 2 )( 1 − 2 ) < 0] denote the probability of their discord. The difference between concordant and discordant probability is the Kendall order correlation coefficient . Suppose ( , ) ( = 1, 2, . . . , ) are the samples from ( , ); and denote the observed numbers of concord and discord. Hence, we get the samples' Kendall order correlation coefficient
Generally, ( 1 , 1 ), ( 2 , 2 ) are independent and identically distributed vectors; is defined as follows:
We can judge the degree of correlation between random variable and from the definition of . When = 1, varies in full accord with and they are positive crosscorrelated; when = −1, varies in full opposite accord with and they are negative cross-correlated; when = 0, the variation between and is half in accord and half in opposite accord, indicating an unclear correlation between and .
Suppose
are two-dimensional random vectors with mutual independence and have the same distribution as ( , ). We define Spearman order correlation coefficient as follows:
( , ) ( = 1, 2, . . . , ) are samples from ( , ), let represent the order of in ( 1 , 2 , . . . , ), and let represent the order of in ( 1 , 2 , . . . , ). Then the samples' Spearman order correlation coefficient is
. By simplification, we can obtain
In the introductions of tail dependence coefficient ( and ), Kendall order correlation coefficient and Spearman order coefficient in t-copula method interpret the strength of tail dependence and concordance among the real markets and the financial model. It is possible to evaluate the possibility for two financial markets' turning up an extremely large (small) value simultaneously, which is of great help in fields of asset pricing and financial risk management. 
Empirical Results of t-Copula Analysis.
In this part, we make an empirical research on the tail dependence of real data and simulation data by t-copula function. The empirical data comes from intraday data of SSE and SZSE from April 2, 2009, to May 9, 2013, and two pairs of simulated data are generated from the proposed model with different parameter values (S.data1: = 2 and = 2.5 and S.data2: = 3 and = 2.5). We select the proper parameter values by Monte Carlo method above the threshold of financial model and ensure these two pairs of simulative financial time series close to the real markets data in some degree. Figure 2 shows the plots of frequency histogram, density function diagram, contour of joint density functions, and contour of distribution functions for both actual data (SSE and SZSE) and two pairs of simulated data ( = 2 and = 2.5 and = 3 and = 2.5). From Figures 2(a) , 2(e), 2(i), 2(b), 2(f), and 2(j), the plots exhibit that there exists relatively strong tail dependence by t-copula in three groups of data, which demonstrate the dependence in the actual data and the proposed model. By comparing the contours of Figures 2(c) , 2(g), and 2(k) of joint density functions, we find that S.data1 ( = 2 and = 2.5) is closer to the real market and has a larger peak height and faster converge than S.data2 ( = 3 and = 2.5). From Figures 2(d) , 2(h), and 2(l), we have analogical features about the contours of distribution functions for three groups of data and a better understanding of the t-copula distribution functions from another aspect.
For further evidence and explanation about the tail dependence, we give the corresponding measures by t-copula in Table 1 . From Table 1 , the values of Kendall and Spearman coefficients for SSE and SZSE are larger than those of S.data1 and S.data2, stating a stronger property of concordance in the real market data itself and better correlations between two Chinese stock markets. It also indicates that SSE and SZSE simultaneously go up and fall down for most of time. According to the symmetrical character of t-copula, the upper tail dependence coefficient is equal to the lower tail dependence coefficient . For the tail dependence coefficients of three pairs of data, all of them are positive values, showing a positive upper and lower tail correlated phenomenon. The actual one (SSE and SZSE) with the biggest upper and lower tail dependence coefficient means the closely positive correlation between two stock markets in China.
In an intuitive way, we can say that two real Chinese stock markets' (SSE and SZSE) turning up an extremely large or small value simultaneously has a possibility of 0.7384 and is larger than the possibilities of two pairs of simulative markets (0.6937 and 0.5941), clearly showing the strong tail dependence and concordance among them and providing a new idea and decision making in the fields of asset pricing and financial risk management. In the meantime, the simulation data (S.data1 and S.data2) of the proposed model present the similar features of concordance and tail dependence as well, demonstrating the rationality and feasibility of the proposed model.
Methodology for Statistical Analysis
Test for Cross-Correlation.
There have developed several statistical methods aiming at demonstrating and quantifying the cross-correlation from the aspects of detrended crosscorrelation and power-law cross-correlation [42] . Here, we use a cross-correlation statistic put forward by Podobnik et al. [43] to testify and quantify the cross-correlation in Chinese markets (SSE and SZSE) and financial model data. Below is the test for the existence of cross-correlation between two time series. Suppose { ( )} and { ( )} are two financial time series with the same length of . We have the relationship as follows:
Thus, we can obtain the cross-correlation statistic
The cross-correlation statistic ( ) complies well with the 2 ( ) distribution if there exists no cross-correlation between two time series. If the value of cross-correlations statistic ( ) exceeds the critical value of the 2 ( ) distribution, indicating significant cross-correlations at a significance level, we present the critical value of the 2 ( ) distribution and relevant cross-correlation statistic ( ) for the three pairs of time series at the 5% level of significance with the degrees of freedom ranging from 1 to 600 in Figure 3 .
From Figure 3 , we can clearly see these three pairs of data all exceeding the critical value of the cross-correlation in both real stock markets and proposed financial model. In some aspect, it also reflects the rationality and feasibility in proposed financial model. Further, we also can figure out the strength of cross-correlation by the distance between the critical value line and ( ). The strength of cross-correlation between SSE and SZSE is obviously stronger than another two pairs of data in proposed model, and the first simulative pair's (S.data1) cross-correlation is stronger than the second pair's (S.data2).
MF-DCCA for Financial Time Series.
In this section, we apply the multifractal detrended cross-correlation analysis (MF-DCCA) to investigating the cross-correlation of returns with multifractality [10, 11, 13] . Suppose two time series { ( )} and { ( )} ( = 1, . . . , ) with the same length of . Firstly, we calculate the "profiles" of { ( )} and { ( )}
where and denote the average of two whole time series { ( )} and { ( )}, respectively. Then, we separate ( ) and
nonoverlapping segments with an equal length ( is often called time window). We perform the same process as well from the other end to make sure that the whole series could be considered as far as possible. Thus, we can get 2 segments with the equal length . We estimate the local trends for each of the 2 segments by an th-order polynomial fit. The corresponding detrended covariance is provided as follows, for V = 1, 2, . . . , ,
and for V = + 1, + 2, . . . , 2
The trends V ( ), V ( ) are the fitting polynomials with order in segment V. Then average overall segments to obtain the th-order fluctuation function
We analyze the scaling behavior by studying log-log plots of ( ) versus for each value of . Two long-range crosscorrelated series exhibit a power-law expression: ( ) ∝ ℎ ( ) . The power-law relationship between the two correlated series can be described by ℎ ( ). If ℎ ( ) depends on , we say that there exists the phenomenon of multifractality. If the cross-correlation exponent ℎ ( ) > 0.5, the crosscorrelations between the return fluctuations of two series related are persistent (positive), which implies that one market is likely to increase (decrease) following an increase (decrease) of the other market. If ℎ ( ) < 0.5, the crosscorrelations between the return fluctuations of two series related are antipersistent (negative), which implies that one market is likely to increase (decrease) following a decrease (increase) of the other market. These two situations above illustrate the persistent (positive) or antipersistent (negative) cross-correlation between two financial markets, which do not conform to the concept and definition of Brownian fluctuation, leading to the violation of the well-known market efficiency hypothesis put forward by Fama [44] . If ℎ ( ) = 0.5, there are no cross-correlations between two series and the volatility of one market may not influence the other market evidently. At the same time, the price changes cannot be predicted and comply with the Brownian motion (or random walk), which is consistent with the market efficiency hypothesis. The Hurst exponent also provides a measure to determine the speed of prices' adjustment to a random walk, namely, recovering to an efficient market [45, 46] .
In particular, when the time series { ( )} is identical to { ( )}, it is clear that
MF-DCCA is retrieved to MF-DFA. When = 2,
MF-DCCA is reduced to DCCA. The cross-correlation exponent ℎ ( ) is equivalent to the generalized Hurst exponent ℎ (2). The similar relationships between classical multifractal scaling exponents can be shown as follows:
( ) is linear with , the cross-correlation of correlated series is monofractal; otherwise it is multifractal. By the Legendre transformation [11] , we can obtain the following relationships:
= ℎ ( ) + ℎ ( ), ( ) = [ − ℎ ( )] + 1, where ℎ ( ) denotes the derivative of ℎ ( ) with respect to and is the Hölder exponent or singularity strength, which characterizes the singularities in the time series. For the situation of multifractality, different portions are characterized by different , causing the existence of spectrum ( ). The strength of multifractality can be estimated by the width of multifractal spectrum, which is given by Δ = max − min . The difference of the fractal dimensions of the maximum probability subset ( = min ) and the minimum one ( = max ) is as follows [47] :
Further, we give the concept of fractal asymmetric exponent FAE = (Δ − Δ )/(Δ + Δ ), in which Δ and Δ are defined as Δ =̂− min and Δ = max −̂. Here,̂is the value on condition that (̂) = max ( ). By this formulation, we can understand that the larger value of Δ will lead to the wider probability distribution and larger difference between the highest stock price and lowest stock price.
The application of MF-DCCA method aims at considering the cross-correlation for both real data and simulated data in an angle of multifractality different from copula theory mentioned in Section 3. The generalized Hurst exponent illustrates the multifractal positive (persistent) crosscorrelation in Chinese stock markets along with the financial model and provides an evidence of the market inefficiency. Also, the strength of multifractal spectra ( ) implies the proof for the inefficiency of financial market which violates the well-known market efficiency hypothesis [44] .
Empirical Research by MF-DCCA Analysis.
The multifractal detrended cross-correlations between two return series by MF-DCCA are displayed in Figure 4 . There are 21 empirical curves in each plot and they emerge in a descending order of ( = −10, −9, . . . , 9, 10) from bottom to top, which suggests that return series for both the real markets and the simulation data display the similar character of power-law scaling, sharing the power-law scaling property of fluctuation function with each other. It may provide a sign of multifractal detrended cross-correlations that a large increment of price changes in one market may be more likely to be followed by a large increment of price changes in another geographically or temporally correlated market. Figure 5 shows the tendency of cross-correlation exponents ℎ ( ) of return series for SSE and SZSE as well as the proposed model. It also exhibits that the value of crosscorrelation exponent ℎ ( ) decreases when increases. If the cross-correlation exponent ℎ ( ) is a constant, the market is monofractal; otherwise it is multifractal. These plots show that the cross-correlation relationships are nonlinear and multifractal, since there are dissimilar exponents ℎ for different values of . Figure 6 exhibits the plots of multifractal scaling exponents ( ) of return series for the real markets and the proposed model. The multifractal exponents is nonlinearly dependent on , which provides the empirical evidence that the multifractality exists in three pairs of time series.
The corresponding detailed values of cross-correlation exponent ℎ ( ) and multifractal scaling exponent ( ) for the real markets and the proposed model are displayed in Table 2 . Table 2 shows the monotone diminution of ℎ ( ) and the monotone nonlinear increase of ( ) with the increasing of , reflecting the apparent multifractal property of cross-correlation for actual and simulated data. When < 4, the cross-correlation exponent ℎ ( ) > 0.5 for the real data, there has a persistent (positive) cross-correlation between SSE and SZSE, stating that the distinct rise and fall for SSE may be followed as the same type in SZSE later. When = 2, the generalized Hurst exponent ℎ ( ) of real markets is also greater than 0.5 (0.5766), showing a weak persistent (positive) cross-correlation between two stock markets. When > 4, ℎ ( ) < 0.5 displays an antipersistent (negative) cross-correlation, signifying that the distinct rise and fall for SSE may be followed as the opposite type in SZSE later. The similar explanations above can go right with regard to the model data (S.data1 and S.data2). From the viewpoint of market efficiency hypothesis, we can judge that the cross-correlation does not comply with the random walk [46] at the situation of < 4 and > 4, illustrating a fact of market inefficiency. Only when is around 4 (ℎ is about 0.5), the cross-correlation is consistent with Brownian fluctuation, supporting the market efficiency hypothesis [44] . In order to realize the multifractal character of two financial time series, we study multifractal scaling exponent ( ) and observe its specific numerical values. From Table 2 , both the actual and simulated data present the trend of increase with respect to in a nonlinear way, uncovering the multifractality of cross-correlation. In addition, the three pairs of data share the same value ( ) = −1 at the point = 0, which agrees with the relevant theory and the coincident point is also labeled in Figure 6 . Now we study the multifractal strength by the multifractal spectra method. A system is monofractal if the multifractal spectrum of monofractality is a point; that is, the width of multifractal spectrum is zero. In fact, the width of multifractal spectrum can be regarded as a measure of multifractal strength. In Figure 7 , the widths of crosscorrelation multifractal spectral for the return series are significantly nonzero, which illustrate that there exist clearly departures from random walk process for cross-correlated return series. Table 3 gives the multifractal strength of the real data and the simulation data. We notice the three pairs of data are satisfied with Δ > Δ . In addition, R.data (SSE and SZSE) and S.data1 have approximate values of Δ and Δ , indicating the multifractal strength of cross-correlation in real markets is similar to that in the first simulation data (S.data1). However, S.data2 has a weaker multifractal strength with respect to R.data and S.data1 for its smaller Δ . As to the fractal asymmetric exponent FAE, not only the actual markets but also the model are all greater than zero, and the value of FAE of the R.data is between those of S.data1 and S.data2.
By MF-DCCA method, we also detect the existence of multifractality of cross-correlation in both real and simulative markets. The measures of strength of multifractality Δ (Δ + Δ ) of real and simulative markets are 0.6336, 0.6157, and 0.5380, respectively, implying the evidence that a stronger multifractality is accompanied with a more inefficient market [45] . From the results in Table 3 , the real financial markets (SSE and SZSE) have the strongest multifractality of cross-correlation together with the most inefficiency (also the farthest from the random walk or Brownian motion) among all pairs of data.
Conclusion
In the present paper, we analyze tail dependence and multifractal detrended cross-correlations of return series between two real stock market indexes (SSE and SZSE) by copula and MF-DCCA method, respectively. And we also introduce a stock price process by applying the voter interacting dynamic system to perform empirical research for comparisons with the actual data. The empirical results show that the return series for both the actual data and the simulated data have the property of positive upper and lower tail dependence, multifractality, and cross-correlation. The results supply an intuitive possibility to display the tail dependence coefficient of two financial markets which is helpful in the fields of asset pricing and financial risk management and also obtain an intuitive evidence of market inefficiency from the view of multifractality. Through the comparisons between the real markets and the proposed model, we hope to show that the financial model of the present work is reasonable to some extent.
